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Abstract
A vertex colouring of a given graph G can be considered as a random
experiment. A discrete random variable X, corresponding to this random
experiment, can be defined as the colour of a randomly chosen vertex of G and
a probability mass function for this random variable can be defined accordingly.
In this paper, we study the concepts of mean and variance corresponding to
the b-colouring of G and hence determine the values of these parameters for a
number of standard graphs.
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2 Some Results on the b-Colouring Parameters of Graphs
1 Introduction
For all terms and definitions, not defined specifically in this paper, we refer to
[1, 2, 3, 5, 21, 22] and for the terminology of graph colouring, we refer to [4, 7, 12].
For the concepts in Statistics, please see [15, 16]. Unless mentioned otherwise, all
graphs considered in this paper are simple, finite, connected and non-trivial.
A graph colouring is considered to be an assignment of colours, labels or weights
to the elements of the graphs concerned. Unless mentioned otherwise, by graph
colouring we mean the vertex colouring of the graph under consideration. For several
decades, graph colouring problems have become an extremely useful models for
many theoretical and practical problems.
A proper colouring of a graph G, is a vertex colouring of it in such a way that
no two adjacent vertices in G have the same colour. The chromatic number of a
graph G, denoted by χ(G), is the minimum number of colours required in a proper
colouring of G. A proper k-colouring , denoted by C of a graph G can be usually
written as C = {c1, c2, c3, . . . , ck} or equivalently C = {1, 2, 3, . . . , k}. A colour class
with respect to a colour ci of C is the set of all vertices in G having the colour ci
and is denoted by Ci. The strength of a colour ci of in C of G is the cardinality of
its colour class Ci and is denoted by θ(ci).
Note that a vertex colouring of a graph G can be considered as a random
experiment. Let C = {c1, c2, c3, . . . , ck} be a proper k-colouring of G and let X be a
discrete random variable (d.r.v) which denotes the colour ci (or the subscript i of
the colour ci) of a randomly selected vertex of G. Therefore, since the sum of all
weights of colours of G is the order of G, the real valued function f(i) defined by
f(i) =
{
θ(ci)
|V (G)| ; x = 1, 2, 3, . . . , k
0; elsewhere.
(1)
is the probability mass function (p.m.f ) of the d. r. v. X. If the context is clear,
we can say that f(i) is the p.m.f of the corresponding graph G with respect to the
given colouring C.
Using the above terminology, the concepts of mean and variance of a random
variable can be extended to the colouring mean and colouring variance of given
graphs with respect to different types of colourings of graphs. In this paper, we
study the colouring mean and variance of corresponding to the b-colouring of certain
fundamental graph classes.
2 b-Chromatic Mean and Variance of Graphs
A b-colouring of a graph G is a colouring of the vertices of G such that each colour
class contains at least one vertex that has a neighbour in all other colour classes.
The b-chromatic number of a graph G, denoted by ϕ(G), is the largest integer k
such that G admits a b-colouring with k colours (see [8]).
An important and relevant result on the bounds of b-chromatic number of a
given graph G is
χ(G) ≤ ϕ(G) ≤ ∆(G) + 1. (2)
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where ∆(G) is the maximum degree of (the vertices) in G (see [11]).
Several interesting studies on the b-chromatic numbers and related parameters
have been done (see [6, 9, 10, 11, 13, 14, 17, 18, 19, 20]). Motivated by these studies,
we extend the concepts of mean and variance of random variables to the b-colouring
concepts of graphs as follows.
Definition 2.1. Let C = {c1, c2, c3, . . . , ck} be a b-colouring of a given graph G and
θ(ci) denotes the strength of a particular colour ci in the colouring C of G. Then,
the b-colouring mean of a given graph G with respect to the colouring C is denoted
by µC(X) and is defined to be
µC(X) =
n∑
i=1
i f(i) (3)
Definition 2.2. Let C = {c1, c2, c3, . . . , ck} be a b-colouring of a given graph G and
θ(ci) denotes the strength of a particular colour ci in the colouring C of G. The
b-colouring variance of a colouring C of a given graph G, denoted by σ2C(G), is
defined as
σ2C(X) =
n∑
i=1
i2 f(i)−
(
n∑
i=1
i f(i)
)2
(4)
It can be noted that we can have several b-colourings of a given graph G using
the same colours in the proper colouring C. They differ only in the cardinality of
different colour classes. It naturally raises some questions about the possible lower
and upper bounds of the set of all such possible b-colouring means of the graph G
under consideration. Hence, we have the following definitions.
Definition 2.3. A b-colouring mean of a graph G, with respect to a b-colouring C
is said to be a b-chromatic mean or ϕ-chromatic mean of G, if C is a b-colouring of
G such that the b-colouring mean is minimum. The b-chromatic mean of a graph G
is denoted by µϕ(G).
Definition 2.4. The b-chromatic variance of G, denoted by σ2ϕ(G), is a b-colouring
variance of G with respect to a b-colouring C of G which yields the b-chromatic
mean.
Definition 2.5. A b-colouring mean of a graph G, with respect to a b-colouring C is
said to be a b+-chromatic mean or ϕ+-chromatic mean of G, if C is a b-colouring of
G such that the b-colouring mean is maximum. The b+-chromatic mean of a graph
G is denoted by µϕ+(G).
Definition 2.6. The b+-chromatic variance ofG, denoted by σ2ϕ+(G), is a b-colouring
variance of G with respect to a b-colouring C of G which yields the b+-chromatic
mean.
Note that the µϕ(G) is the minimum b-colouring mean and µϕ+(G) is the
maximum b-colouring mean when we consider all possible b-colourings of a given
graph G, using the same colours.
4 Some Results on the b-Colouring Parameters of Graphs
Remark 2.1. Also note that the b+-colouring parameters of a graph G can be
found out by reversing the colouring pattern of G using the same b-colouring which
provides b-chromatic parameters of G.
In the following section, we study these particular types of b-colouring means
and variances of different fundamental graphs such as paths, cycles, complete graphs,
bipartite graphs etc.
Remark 2.2. As a proper colouring, any b-colouring of a complete graph Kn must
contain n distinct colours such that every colour class is a singleton set. Hence, the
corresponding p.m.f. is
f(i) =
{
1
n
; i = 1, 2, 3, . . . , n,
0; elsewhere.
. Hence, we can see that b-colouring of a complete graph follows discrete uniform
distribution DU(n). This b-colouring is also a b+-colouring of Kn as well. Therefore,
µϕ(Kn) = µϕ+(Kn) =
n+1
2
and σ2ϕ(Kn) = σ
2
ϕ+(Kn) =
n2−1
12
.
In the following theorem, we determine the p.m.f. and hence the ϕ-chromatic
mean and variance of a path Pn on n ≥ 4 vertices.
Theorem 2.1. The b-chromatic mean of a path Pn is given by
µϕ(Pn) =

3
2
; if n = 2
4
3
; if n = 3
3n+2
2n
; if n ≥ 4 is even
3n+3
2n
; if n > 4 is odd
and the b-chromatic variance of Pn is
σ2ϕ(Pn) =

1
4
; if n = 2
2
9
; if n = 3
n2+8n−4
4n2
; if n ≥ 4 is even
n2+8n−9
4n2
; if n > 4 is odd
Proof. First note that the b chromatic number of Pn is 2 if n = 2, 3 and is 3 if n ≥ 4.
For P2, both colour classes are singleton sets and hence the p.m.f. f(i) is given by
f(i) = 1
2
for i = 1, 2 and 0 elsewhere. Therefore, by Equation (3), µϕ(P2) =
3
2
and
by Equation (4), σ2ϕ(P2) =
1
4
.
For P3, two vertices have colour c1 and one vertex has colour c2 and hence the
corresponding p.m.f. is given by
f(i) =

2
3
; i = 1,
1
3
; i = 2
0 elsewhere.
Therefore, µϕ(P3) =
4
3
and σ2ϕ(P3) =
2
9
.
Sudev, Chithra and Kok 5
For n ≥ 4, we know that any b-colouring of Pn contains 3 colours, say c1, c2, c3,
in which we can restrict the occurrence of the colour c3 to a single vertex and the
colour c1 to maximum number of remaining vertices. Then, we have to consider the
following cases.
Case-1: Let n be an even integer. Then, we can consider a b-colouring such that
the colour class of c1 has
n
2
vertices, the colour class of c2 has
n−2
2
vertices and that
of c3 is a singleton set. Therefore, the corresponding p.m.f. is
f(i) =

1
2
; i = 1,
n−2
2n
; i = 2
1
n
; i = 3
0 elsewhere.
Therefore, µϕ(Pn) =
3n+2
2
and σ2ϕ(P3) =
n2+8n−4
4n2
.
Case-2: Let n be an odd integer. Then, we have a b-colouring such that the colour
classes of c1 and c2 have
n−1
2
vertices and that of c3 is a singleton set. Therefore,
the corresponding p.m.f. is
f(i) =

n−1
2
; i = 1, 2
1
n
; i = 3
0 elsewhere.
Therefore, µϕ(Pn) =
3n+3
2n
and σ2ϕ(Pn) =
n2+8n−9
4n2
.
In a similar way, we can find the values of these parameters with respect to the
b-colouring of cycles Cn as follows.
Theorem 2.2. The b-chromatic mean of a cycle Cn is given by
µϕ(Cn) =

3
2
; if n = 4
3n+6
2n
; if n is even, n 6= 4,
3n+3
2n
; if n is odd
and the b-chromatic variance of Cn is
σ2ϕ(Cn) =

1
4
; if n = 4
n2+16n+36
4n2
; if n is even and n 6= 4
n2+8n−9
4n2
; if n is odd.
Proof. First note that the b chromatic number of C4 is 2 and that of Cn is 3 for
n 6= 4. For C4, two vertices each have colours c1 and c2 respectively. Then, the
corresponding p.m.f is f(i) = 1
2
for i = 1, 2 and 0 elsewhere. Hence by (3) and (4),
we have µϕ(C4) =
3
2
and σ2ϕ(C4) =
1
4
.
If n 6= 4, as mentioned in the proof previous theorem, we can find a b-colouring
in which the colour c3 is assigned to exactly one or two vertices of Cn as per
requirements. Here, we have to consider the following cases.
6 Some Results on the b-Colouring Parameters of Graphs
Case-1: If n is even, we have to assign colour c3 to two vertices of Cn and the
colours c1 and c2 are assigned to the remaining vertices equally. Therefore, we have
the corresponding p.m.f. is given by
f(i) =

n−2
2n
; i = 1, 2
2
n
; i = 3
0 elsewhere.
Therefore, By (3) and (4), we have, µϕ(Cn) =
3n+6
2n
and σ2ϕ(Cn) =
n2+16n+36
4n2
.
Case-1: If n is odd, the colour c3 is to be assigned to exactly one vertex of Cn
and the colours c1 and c2 are assigned to
n−1
2
vertices each. Therefore, we have the
corresponding p.m.f. is given by
f(i) =

n−1
2n
; i = 1, 2
1
n
; i = 3
0 elsewhere.
Therefore, By (3) and (4), we have, µϕ(Cn) =
3n+3
2n
and σ2ϕ(Cn) =
n2+8n−9
4n2
.
Next, the b-chromatic mean and variance of wheel graphs, defined by Wn+1 =
Cn +K1, are determined in the following theorem.
Theorem 2.3. The b-chromatic mean of a wheel graph Wn+1 is given by
µϕ(Wn+1) =

9
5
; if n = 4,
3n+14
2n+2
; if n is even, n 6= 4,
3n+11
2n+2
; if n is odd
and the b-chromatic variance of Cn is
σ2ϕ(Wn+1) =

14
25
; if n = 4,
n2+42n−80
4(n+1)2
; if n is even and n 6= 4,
n2+34n−31
4(n+1)2
; if n is odd.
Proof. The b chromatic number of W5 is 3 and that of Wn+1 is 4 for n 6= 4. For W5,
two vertices each have colours c1 and c2 respectively and the central vertex has the
colour c3. Then, the corresponding p.m.f is
f(i) =

2
5
; i = 1, 2,
1
5
; i = 3,
0; elsewhere.
. Hence, by (3) and (4), we have µϕ(W5) =
9
5
and σ2ϕ(W5) =
14
25
.
Next, let n 6= 4. Then, the b- chromatic number of Wn+1 is 4. If n is even, we
can find a b-colouring such that n−2
2
vertices have colours c1 and c2 each and two
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vertices have colour c3 and one vertex has colour c4. Hence, the corresponding p.m.f
is given by
f(i) =

n−2
2(n+1)
; i = 1, 2,
2
n+1
; i = 3,
1
n+1
; i = 4,
0; elsewhere.
Hence, we have µϕ(Wn+1) =
3n+14
2n+2
and σ2ϕ(Wn+1) =
n2+42n−80
4(n+1)2
.
If n is odd, we can find a b-colouring such that n−1
2
vertices have colours c1 and
c2 each and one vertex each has colour c3 and c4. Hence, the corresponding p.m.f is
given by
f(i) =

n−1
2(n+1)
; i = 1, 2,
1
n+1
; i = 3, 4
0; elsewhere.
Hence, we have µϕ(Wn+1) =
3n+11
2n+2
and σ2ϕ(Wn+1) =
n2+34n−31
4(n+1)2
.
Another cycle related graph that catches attention in this context is a sunlet
graph Sn which is defined by Sn = Cn K1, where  represent the corona product
of two graphs (see [5] for the definition of corona of two graphs). In the following
theorem, we determine the b-chromatic mean and variance of sunlet graphs.
Theorem 2.4. The b-chromatic mean of a sunlet graph is
µϕ(Sn) =

5
3
; n = 3,
5
2
; n = 4,
17
10
; n = 5,
3n+7
2n
; n ≥ 6
and the b-chromatic variance of the sunlet graph Sn is
σ2ϕ(Sn) =

5
9
; n = 3,
5
4
; n = 4,
61
100
; n = 5,
n2+35n−49
4n2
; n ≥ 6.
Proof. For n = 3, a b-colouring of Sn has 3 colours. We can find a b-colouring such
that 3 vertices have colour c1, 2 vertices have colour c2 and 1 vertex has the colour
c3. Then, the corresponding p.m.f. is given by
f(i) =

1
2
; i = 1,
1
3
; i = 2,
1
6
; i = 3,
0; elsewhere.
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Hence, we have µϕ(S3) =
5
3
and σ2ϕ(S3) =
5
9
.
A b-colouring of S4 has 4 colours. We can find a b-colouring such that 2 vertices
have colours c1, c2, c3 and c4. Then, the corresponding p.m.f. is given by
f(i) =
{
1
4
; i = 1, 2, 3, 4
0; elsewhere.
Hence, we have µϕ(S4) =
5
2
and σ2ϕ(S4) =
5
4
.
A b-colouring of S5 has only 3 colours. We can find a b-colouring such that 5
vertices have colour c1, 3 vertices have colour c2 and 2 vertices have colour c3. Then,
the corresponding p.m.f. is given by
f(i) =

1
2
; i = 1,
3
10
; i = 2,
1
5
; i = 3,
0; elsewhere.
Hence, we have µϕ(S5) =
17
10
and σ2ϕ(S5) =
61
100
.
If n ≥ 6, then we can find a b-colouring of Sn containing 4 colours in such a way
that n − 1 vertices have colour c1, n − 3 vertices have colour c2 and two vertices
each have colours c3 and c4. Then, the corresponding p.m.f. is
f(i) =

n−1
2n
; i = 1,
n−3
2n
; i = 2,
1
n
; i = 3, 4,
0; elsewhere.
Therefore, we have µϕ(Sn) =
3n+7
2n
and σ2ϕ(Sn) =
n2+35n−49
4n2
.
Another cycle related graph, we consider in this context is a closed ladder CLn,
which is a graph obtained by joining every pair of the corresponding vertices of two
cycles by an edge. That is, CLn = CnP2. The following theorem discusses the
b-chromatic mean and variance of a closed ladder graph.
Theorem 2.5. The b-chromatic mean of a closed ladder CLn graph is
µϕ(CLn) =

5; n = 3,
5
2
; n = 4,
23
10
; n = 5,
23
12
; n = 6,
3n+8
2n
; n ≥ 7, n is odd
3n+7
2n
; n ≥ 7, n is even.
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and the b-chromatic variance of graph CLn is
σ2ϕ(CLn) =

2; n = 3,
5
4
; n = 4,
131
144
; n = 5,
n2+28n−64
4n2
; n ≥ 7, n is odd
n2+24n−49
4n2
; n ≥ 7, n is even.
Proof. If n = 3, we can find a b-colouring of CL3 containing 3 colours such that the
corresponding p.m.f. is
f(i) =
{
1
3
; i = 1, 2, 3,
0; elsewhere.
Hence, we have µϕ(CL3) = 2 and σ
2
ϕ(CL3) = 2.
If n = 4, we can find a b-colouring of CL4 containing 4 colours such that the
corresponding p.m.f. is
f(i) =
{
1
4
; i = 1, 2, 3, 4
0; elsewhere.
Hence, we have µϕ(CL4) =
5
2
and σ2ϕ(CLn) =
5
4
.
We can find a b-colouring of CL5 containing 4 colours such that the corresponding
p.m.f. is
f(i) =

3
10
; i = 1, 2,
1
5
; i = 3, 4
0; elsewhere.
Hence, we have µϕ(CL5) =
23
10
and σ2ϕ(CL5) =
121
100
.
We can find a b-colouring of CL6 containing 4 colours such that the corresponding
p.m.f. is
f(i) =

5
12
; i = 1,
1
3
; i = 2,
1
6
; i = 3,
1
12
; i = 4,
0; elsewhere.
Hence, we have µϕ(CL6) =
23
12
and σ2ϕ(CL6) =
131
144
.
Let n ≥ 7. If n is odd, there exist a b-colouring for CLn such that the corre-
sponding p.m.f. is given by
f(i) =

n−2
2n
; i = 1,
n−3
2n
; i = 2,
2
n
; i = 3,
1
2n2
; i = 4,
0; elsewhere.
Therefore, we have µϕ(CLn) =
3n+8
2n
and σ2ϕ(CLn) =
n2+28n−64
4n2
.
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If n is even, there exist a b-colouring for CLn such that the corresponding p.m.f.
is given by
f(i) =

n−2
2n
; i = 1, 2
3
2n
; i = 3,
1
2n2
; i = 4,
0; elsewhere.
Therefore, we have µϕ(CLn) =
3n+7
2n
and σ2ϕ(CLn) =
n2+24n−49
4n2
.
3 Conclusion
In this paper, we extended two important statistical parameters to the concepts of
b-colouring of certain fundamental graphs and determined their values for certain
graphs and graph classes. More problems in this area are still open.
Determining the sum, mean and variance corresponding to the b-colouring of
certain generalised graphs like generalised Petersen graphs, are some of the open
problems which seem to be promising for further investigations. Studies on the
sum, mean and variance corresponding to different types of edge colourings, map
colourings, total colourings etc. of graphs also offer much for future studies.
Different colouring parameters can be used to model important problems in
project management, communication networks, optimisation techniques, distribution
networks etc. and in several industrial situations.
We can associate many other parameters to graph colouring and other notions
like covering, matching etc. All these facts highlight a wide scope for future studies
in this area.
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